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Abstract. Let X be a complete field of unequal characteristics (0,p) . The aim of 
this paper is to describe the semi-stable models for covers Pj^ — > Pj^ of degree p, 
unramified outside r < p points and totally ramified above one of them, under the 
assumtion that the ramification locus has a particular reduction type (which always 
occurs if r < 4). We are principally concerned with the minimal semi-stable models 
which separate the ramified fibers. 



§0 Introduction 

The study of the stable models for covers between algebraic curves over a com- 
plete discrete valuation ring is a subject which has been intensively developped 
during these last years. Roughly speaking, the problem can be summarized as fol- 
lows: starting from a ramified cover (3 : C — ^ D between non-singular projective 
curves defined over a complete discrete valuated field (if, v) of unequal character- 
istics, one would like to construct a semi-stable model C — > V oi this cover over its 
valuation ring R. The general theory, and in particular the semi-stable reduction 
theorem, asserts that such a model always exists, up to a finite extension of the 
base field (cf. [BLR] and [Rl]). Its uniqueness is not ensured, but if we require 
that the model separates the ramified locus (that is, the ramification points spe- 
cialize to pairwise distinct points), then there exists a minimal semi-stable model 
for the cover, which is unique, up to isomorphism. Moreover, this model behaves 
well under (finite) base change, so that it can be considered as an important bira- 
tional invariant attached to the cover. In particular, there is a well defined notion 
of reduction type: the number of irreducible components of the special fiber, their 
intersection graph and the thicknesses of the singular points (cf. section I). 

Historically, the investigation started with the study of tame covers, i.e. covers 
such that the residual characteristic p oi R does not divide the order of their mon- 
odromy group G. This first approach is somehow more simple, and one can use 
the results of [G], for example. The next case is where p divides |C?|. There are no 
complete results on this direction. Raynaud [R2] treates the case where G has a 
p-Sylow subgroup of order p and the cover is unramified outside three points. These 
results are sharpened by Wewers in [W]. Finally, Lehr [L] and Saidi [S], study the 
stable model for a p-cyclic cover in full generality. In order to have a more complete 
reference on the subject, see also the results of Green-Matignon and Henrio. 
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In this paper, we concentrate on the covers P-*- — > of prime degree p. The 
only restrictions we make on the cover are: there is at least one totally ramified 
point (wild ramification) and the branch locus has a particular reduction type 
(cf. section 5). Note that these covers need not to be Galois. It turns out that 
the stable models only depend on the ramification data and on the t;-adic distance 
between the ramified points. There are four cases: if the branch locus has good 
reduction, we essentially recover Wewers' results. The real interesting case is where 
the branch points have bad reduction. We choose two branch points P and Q and 
consider the semi-stable model C — > I> of the cover which separates these points. 
There are three cases: P and Q are t;-adically far from each other, P and Q have 
medium distance from each other (the critical case) and P and Q are u-adically close 
to each other. In the first case, P and Q will specialize into two different irreducible 
components Ci and C2, and there will be only onle irreducible component lying 
above each C,. In the second case, P and Q will specialize in the same irreducible 
component C and there will be only one component above C. In the last case, 
P and Q will again specialize into the same component C, but many irreducible 
components will lye over it. 

The strategy is to start with a natural model for the cover P^ — > P^ over R 
and then to blow it up several times untill the ramification points are separated. 
This construction can be carried out explicitely because the covering curve is the 
projective line. This techniques can be carried over to the case where the degree 
of the cover is composite and even to the case where the curve C has (potentially) 
good reduction, but we do not do it in this paper. 

§1 Some notation and basic facts 

Throughout this paper, {K, v) will denote a complete valuated field of unequal 
characteristics (0,p). Its valuation ring ii is a complete discrete valuation ring with 
maximal ideal p and residue field k = Ok/P- The valuation v : K* — > Q will 

be normalized by the condition v{p) = 1, so that it will extend the usual p-adic 
valuation. In particular v{K*) = e^^Z, where the positive integer e is the absolute 
ramification index of K, that is pR = p". 

Let C be a projective, irreducible, non-singular curve of genus g defined over K 
and consider a finite subset S of C{K) of cardinality n > (for n = 0, we will set 
S = 0). The pair {C,S) is called a pointed curve of type (g, n). We will say that 
(C, S) is hyperbolic if the inequality 2g — 2 + n > holds. A semi-stable model for 
(C, 5*) over i? is a proper and flat scheme C/R satisfying the following conditions: 

(1) The generic fiber Ck = C (^r K is isomorphic to C. 

(2) The special fiber Ck = C^rU is reduced and has only ordinary double points 

as singularities. 

(3) The elements of S specialize to pairwise distinct non-singular points of Ck- 

If 5 = 0, then this last condition must be ignored. We will say that C is stable 
if, for any irreducible component X of Ck, we have the relation 2g{X) — 2 + n{X) + 
8{X) > 0, where g{X) denotes the genus of X, n{X) is the cardinality of the subset 
of S specializing in X and s{X) is the number of singular points of X. Semi-stable 
models behave well under base change, i.e. ii L/K is a finite extension, and C/R 
is a semi-stable model of (C, S) over R, then C (8>r R' is a semi-stable model for 
(C, 5") over R', where R' is the ring of integers of L. 

The semi-stable reduction theorem asserts that any pointed curve {C,S) over 
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K admits a semi-stable model over the valuation ring R' of a finite extension L of 
K. Moreover, if (C, S) is hyperbolic, then there exists a stable model C/R', which 
is unique, up to i?'-isomoprhism. The same kind of result holds for covers: more 
precisely, given a finite cover (3 : C — > D of projective, non-singular curves over K 
and a finite subset S of D{K), there exist a finite extension L of K, two proper 
and flat schemes C^V/R' and a finite morphism C ^ V such that the following 
conditions hold: 

(1) C (resp. T>) is a semi-stable model for the pointed curve {C, (3~^{S)) (resp. 
for the pointed curve {D,S)) over R' . 

(2) The generic morphism Cl T^l is isomorphic io (3 :C ^ D. 

(3) The specialized morphism Ci — > T>i maps non-singular points to non-singular 
points (here, I denotes the residue field of L). 

In particular there exists a minimal semi-stable model satisfying the above prop- 
erties, which is unique, up to _R'-isomorphism. Since the behaviour of its special 
fiber is stable under finite base change, it can be considered as an important bira- 
tional invariant of the cover. In this paper, we are not concerned with rationality 
questions, that's why we will always suppose that the semi-stable model is already 
defined over R. 

We will end this section by introducing an important invariant attached to a 
semi-stable model C/R: the completion of the local ring of C at a singular point 
P of its special fiber is isomorphic to the power series ring i?|X, F]/(XF — Z), 
with Z e p. The thickness of P is the valuation of Z, which only depends on 
P. Moreover, our normalization for the valuation v : K* — > Q implies that the 
thickness of a singular point does not change after a finite base change. Finally, 
if /? : C — > r> is a semi-stable model for a cover and P is a singular point of the 
special fiber Ck of C of thickness then Q — /3(P) will be a singular point of the 
special fiber Vk of D, of thickness epi/, where ep is the ramification index at P of 
the secialized cover Ck — > f fe- 

We refer to [BLR] for a complete introduction to the theory of semi-stable curves 
and their application to the study of algebraic covers of curves. Two fundamental 
papers on the subject are [Rl] and [R2] . 

§2 Polynomial covers. Normalized models 

The main purpose of this paper is to construct semi-stable models for polynomial 
covers of prime degree p over K (i.e. covers /3 : Pj^ — > P^ of degree p and 
totally ramified above one point) under certain assumptions on the reduction of 
the branch locus. We are principally concerned with the minimal models X — * y 
which separates the ramification locus. From now on, we will say that two such 
covers j3i and are isomorphic, or equivalent ( over K) li there exist two elements 
cr, T G FGIj2(K) such that a o /3i = /J2 o r, i.e. the following diagram 



p 


1 


T 


^ P 


1 


K 






K 








02 














p 


1 




^ P 


1 


K 






K 



is commutative. In this case, we easily see that the special fibers of the stable models 
of the covers /3i and 02 have the same behaviour. We will start by constructing a 
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"good" model of the cover over K. Let's first of all reduce to the affine case: since 
(3 : P}f — » P}j- is totally ramified above one point, we obtain a finite morphism 

/3 : Ajf = Spec {K[X]) A]^ = Spec {K[T]) 

In terms of affine algebras, it corresponds to an injection j3* : K[r\ K[X\, which 
is uniquely determined by the image of T, which is a polynomial (that's why 

we are speaking about polynomial covers). From now on. by eventually enlarging 
K, we will assume that the ramification locus of (3 is contained in P^(i^). For any 
K,we have a unique factorization (in K) 

(3{X) - A = c Jl (X - xf'^ 

x(il3-^(\) 

where c G K does not depend on A and is the multiplicity of X — x in the 
factorization of f3{X) — A. We clearly have 

ex=P 

x6/3-i(A) 

Furthermore, the Riemann-Hurwitz formula gives 

^ riA = (r - 2)p + 1 

where r is the cardinality of the branch locus B = S U {oo} of the cover and n\ is 
the cardinality of the fiber /3~^(A). Up to equivalence, and after a finite extension 

of K, we can reduce to the following case: 

(1) The finite branch locus S = {Ai, . . . , A^-i} = P {{x eK \ (3'{x) = 0}) is 
contained in R and {0, 1} C S. 

(2) The polynomial /3(X) is monic (i.e. c = 1) and /3(0) = 0. 

A polynomial I3{X) G K[X] satisfying the above conditions will be called is a 
normalized model for the cover. One easily checks that there exist finitely many 
normalized models associated to the same polynomial cover. More generally, we 
will say that P{X) is a sem,i-normalized model if it satisfies the condition (2) above 
and the following property (which is weaker than the condition (1)): 

(3) The finite branch locus S is contained in R and there exists X G R* such 
that {0, A} C S. 

Remark that there exists infinitely many semi-normalized models associated to 
the same cover. 

§3 Construction of the fundamental model 

Wc will now start the construction of the semi-stable model associated to a 
polynomial cover of degree p. For any polynomial h{X) G R[X], we will denote by 
h{X) its canonical image in k[X]. The importance of the (semi-)normalized model 
introduced in the previous paragraph is related to the following lemma: 
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3.1 Lemma. Let h(X) S be a monic polynomial of degree p such that 

h{0) = 0. // the associated cover h : A]^ — > A]^ is unramified outside a finite set 
S CR, then h{X) G R[X] and h{X) = Xp. 

Proof. The case h{X) = X^ is immediate. If h{X) ^ X^ then its Newton polygon 
is not reduced to a vertical line. Suppose that the last segment has positive slope, 
i.e. that there exists a root x of h{X) with (minimal) negative valuation. The 
degree of h{X) is equal to p and /i(0) = 0, so that its Newton polygon coincides 
with the Newton polygon associated to Xh'{X), exept for the last segment (see the 
following picture). 




In particular, we see that there is a root y of h'{X) (a ramified point) such that its 
valuation is strictly less than the valuation of x (and thus, of any root of h{X)). 
We obtain v{h{y)) — pv{y) < 0, which is absurd since h{y) E S C R. Wc then 
have h{X) € R[X] and since the (finite) branch points belong to R, we see that 
all the roots of h'{X) belong to R. The leading coefficient of h'{X) is equal to p, 
so that h'{X) = pg{X), with g{X) e R[X]. This gives h'{X) = 0, which leads to 
h{X) = XP, since h{X) is monic, of degree p and satisfies /i(0) = 0. □ 

If f3{X) € K[X] is a (semi-)normalized model associated to a polynomial cover 
of degree p (as defined above), then it satisfies the hypothesis of Lemma 3.1, so 
that it belongs to R[X] and we have the identity P{X) = Xp. This will be our 
starting point for the construction of the semi-stable model associated to the cover. 
Remark that our assumptions on K imply that, for any X G S, the polynomial 
(3{X) — A e K[X] totally splits. By construction, we moreover have (3~^{S) C R. 
Setting Co = Spec(i?[X]) S A}j and X>o = Spec(ii[T]) ^ A)j, we then obtain a 
morphism 

In terms of affine algebras, it corresponds to the injection R[T] — * R[X] which 
sends T to P{X). It is a finite morphism, since the polynomial f3{X) belongs to 
R[X] and is monic. Let 'y{X) e R[X] be the polynomial defined by the relation 
7(X) = XPl3{X~^). Prom a practical point of view, we have 

xe/3-i(o) 

where = ea,(/3) is the multiplicity of X — a; in the factorization of /3(X). The 
relation /3(0) = implies that the degree of 7(X) is strictly less than p. Moreover, 
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we have 7(0) = 1 and 7(X) = 1. Set 21 = R[TJi and 03 = %[X^]/{Xp^ - 
l{Xoo)Too)- The ring *B is a finite 2l-module and thus, we obtain a finite morphism 

where C\ = Spec(*B) and Vi — Spec(2t) = Ajj. One can easily check that the 
ring *B is canonically isomorphic to i?[Xoo, 7(^00)^^]- In particular, the generic 
fiber of Ci is isomorphic to P]^ — /3~^(0) and its special fiber is isomorphic to A^. 
Consider now the affine scheme U = Spec (R[X, (3{X)~^]) . We have a canonical 
injection R[X] — > B.[X, P{X)~^] which induces an open immersion io : W — > Cq. 
Since /3(0) — 0, we have X~^ e R[X, (3{X)~^] and we can define an inclusion 
i?[Xoo, 7(^00)"^] by sending X^o to X''^. We then obtain a 

second open immersion ti : Z// — > I'l- The morphisms and ti allow us to glue 
Ci and C2. We obtain a scheme C = Co U Ci = P)j, with Co fi Ci = W. Similarly, 
we can consider the affine scheme V = Spec(i?[r, T"^]) and the open immersions 
V — > Vq and V — > 2?!, obtained, in terms of affine algebras, by taking the canonical 
injection R[T] R[T,T-^] and the inclusion R[tJ\ -> R[T,T-^] which sends Too 
to T-^ We then obtain a scheme D = Po U Di ^ P]^, with Do n Pi = V. One 
easily checks that the morphisms Co ©0 and Ci — > I?i agree over Z//. In other 
words, we obtain a commutative diagram 

Co < U > Ci 



Vo < V > Vi 

which leads to a finite morphism 

C 

This is a semi-stable model for the cover over R (since its generic fiber is isomorphic 
to /? over K) and we will call it the fundamental model associated to /3. Lemma 
3.1 implies that its specialization is purely inseparable. In particular, for a given 
A e T^{K), the elements of /3~^(A) all have the same specialization in the special 
fiber Cfc of C, so that this morphism will never separate the ramified fibers. A model 
X — > y for f3 which separates the ramified fibers will be obtained from C — > "D after 
a finite number of blows-up. In order to get a minimal one, we may need to blow- 
down the original irreducible component Cfc (and Vh of the special fiber of y). This 
last possibility will never occur. Indeed, this would mean that all the finite branch 
points have the same specialization in D, which is impossible, since we are assuming 
{0,1} €5. 

§4 Some complements on semi-stable models of genus zero 

Before continuing, let's make some general remarks. First of all, suppose that 
X/R is any semi-stable model of a genus zero (pointed) curve and denote by 
its special fiber. We classically define the intersection graph T{Xk) as the abstract 
graph whose vertices (rcsp. edges) correspond to the irreducible components of X^ 
(resp. the singular points of A'^.). 

In this special case, T{Xk) is a tree, endowed with a metric, obtained by associ- 
ating to any edge the thickness of the corresponding singular point. If Ci and C2 
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C2 




C4 








Pj 


C5 






P5 






p, 







Special fiber 



C3 o C5 o 



p, 



C, C, 
Associated graph 



Pa C, 



are two irreducible components of Xk, we can consider the segment [Ci, C2], which 
is the minimal (linear) subtree of T{Xk) containing the vertices corresponding to 
Ci and C2. In particular, the distance d{Ci,C2) between Ci and C2 is defined as 
the sum of the lengths of the edges belonging to [Ci , C2] . Prom a practical point 
of view, consider the model X' of the projective line over R obtained by blowing 
down all the irreducible components of X^ different from Ci and C2. Then, the 
special fiber of X' is the union of Ci and C2, meeting at a unique singular point, 
of thickness d(Ci, C2). 



1, + 1, + Ij + u + Ij 



Suppose now that X — > 3^ is any semi-stable model over R for a polynomial 
cover, obtained from its fundamental model C — > T> {ci. §3) after a finite number 
of blows-up. Denote by C (resp. by D) the irreducible component of Xk (rcsp. of 
y^) corresponding to the special fiber of C (resp. of V). Let Ci / C be a tail of 
and denote hy Di ^ D its image in V^- If Cqc is the irreducible component of X/. 
containing the specialization of the totally ramified point cxd, then we will suppose 
that the segments [C, Ci] and [C\ Coo] have no common edges. Consider a point 
P G X{K) = P^(isr) specializing in a non-singular point of Ci . Since .^(i^T) = C{K), 
the point P defines a well defined element x of C{K) = C{R). Moreover, the above 
assumption on the relative positions of C, Co and Coo imply that x belongs to 
Co{R) = A^(i?) (cf. the end of §3) and thus, it can be assimilated to an element of 
R. Similarly the image of P in defines an element A of T>o{R) = R. Let tt and 
tt' be two elements of p such that v{7r) = d{C, Ci) and v{'7t') = d{D, Di). We then 
have a unique factorization 



(*) 



PinX + x) - X = tt' po{X)jo{X) 



where l3{X) G R[X] is the normalized model from which the cover C — > was 
constructed, (3o{X) G R{X] is monic and 70 (-'^) € R[X] satisfies (3{X) G k*, i.e. 
'JoiX) € R* + pR[X]. Moreover, the finite morphism — > A[ obtained from 
Ci — > Di by removing the singular points is (isomorphic to the one) induced by 
the inclusion k[T] k[X] which maps T to /3q(X). In particular, Ci will be the 
only irreducible component of lying above Di if and only if 70 (-^) has degree 0, 
i.e. if 7o(-'^) = 1- In this case, we get the relation d{D, Di) = pd{C, Ci). 
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§5 Simple reduction of the branch locus 

Wc will now put some conditions on the reduction type of the branch locus 
B = SU {og} of a polynomial cover over K. The curve T> of the fundamental model 
associated to it (cf. §2) is a model of the projective line over R such that no point 
of S specialize to oo and at least two points have distinct specializations. These 
two conditions uniquely determine 2?, up to i?-isomorphism. The stable model B 
(over R) for the pointed curve (P^, B) is obtained from 2? after a finite number of 
blows-up. 

5.1 Definition. Consider the stable (separating) model B associated to a pointed 
curve {P\^,B), where B = S U {oo}. Denote by D the irreducible component of 
its special fiber containing the specialization of the point oo. An element X € S is 
ordinary if it specializes in D. If B has bad reduction, an irreducible component of 
Bk is simple if it only meets D and if there are exactly two elements of S specializing 
in it. We will say that B has simple reduction if any tail of Bk (if there are any) is 
simple (see the following picture). 











■ \-2 








m+2 




00 

















Remark that if the cardinality of B is less than or equal to four, then the pointed 
curve (P]^,B) has automatically simple reduction. 

§6 Semi-stable model separating the fiber above an ordinary branch 
point 

Wc will now dc;scribc the stable model for a polynomial cover of degree p dom- 
inating its fundamental model C — > V and separating the ramified fiber above an 
ordinary branch point. 

6.1 Theorem. Let /3 : — + P]^ be a polynomial cover of degree p. Denote by 
B = S U {oo} its branch locus and suppose that X € S is ordinary. Then, the 
minimal semi-stable model X y of the cover which dominates the fundamental 
model C — »■ I? and separates the fiber above X has the following description: 

(1) The special fiber of X is the union of two projective lines C and C meeting 
at a unique singular point of thickness {nx — l)~^ where n\ is the cardinality 
of the fiber (5-^{X). 

(2) The special fiber ofy is the union of two projective lines D and D' meeting 
at a unique singular point of thickness p{n\ — 1)^^ ■ 

(3) The morphism C — > D is purely inseparable, while C D' is generically 
etale, unramified outside two points, wildly ramified above one of them and 
tamely ramified above the other. 
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D' 




00 






GO 






("1-1)"' 


D 




P(ni -1)-' 



Proof. Without any loss of generality, we can assume that A = and /3(0) = 0. Let 
u be the rational number defined by 

p = Min{v{x) I X e I3~\0)} 

and consider the curve C obtained from C after a blow-up at the origin, of thickness 
u. Let TT be an element of p such that v{7r) = v. By construction, we have the 
expression 

/3(7rX) = ttP JJ {X- -K-^xY' e R[X] 
xe/3-i(o) 

with 7r~'^x £ i? for any x G /3~"'^(0). Following the notation introduced at the end of 
§4, we obtain (}o{X) = it~^(}{-kX) and ^q{X) = 1. In particular, we have a model 
C — > V of the cover /?, where X>' is the curve obtained from D after a blow-up at 
the origin, of thickness pu. Wc just have to prove that it separates the fiber above 
0. From a practical point of view, we must show that two distinct roots of the 
polynomial (io{X) have distinct stpecializations. First of all, if A € 5 — {0} then 
/3~^(A) C R*. Indeed, wc already have C R. If there were x G P {\) with 

positive valuation, we would obtain A = fi(x) = x** = 0, which is impossible since 
we are assuming that e 5 is ordinary. We have the following expression for the 
derivative of (3{X): 

P'{x)=^p H {x-xy--' 

We then obtain (3'q{X) = tt^^p (3' {nX), which leads to 

/3^(X)=p7ri-"« n iX-n-'x^-' [] i^^X - x^-' 

xe/3-i(0) x6/3-i(S-{0}) 

where no is the cardinality of the fiber P~^{0). We have /3q{X) G which 
directly implies the inequality (no — 1);^ < 1. A strict inequality would give I3q{X) = 
and thus (}q{X) = X^ (recall that Po{X) is monic, of degreep and satisfies /3o(0) — 
0). This is impossible since, by construction, there exists a root of /3o{X) belonging 
to R* . We then have v = . Suppose now that the elements xi, . . . ,Xs G /3q"^(0) 
specialize to the same point t of C and denote by ei,...,es their ramification 
indices. We have s < n\, since there are at least two distinct roots of Pq{X). 
The monomial X — f will appear with a multiplicity e = ei + ■ ■ ■ + Cs <pin the 
factorization of (3q{X). In particular, the element t will be a root of (ioiX) of 
multiplicity e — 1. But the above expression of P'o{X) implies that this multiplicity 
is equal to e — s, and so we have s = 1, i.e. the model C — > V separates the fiber 
above 0. □ 
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6.2 Corollary. The notation and hypothesis being as in theorem 1, there exists a 
smooth model of the cover (over R) which separates the fibers above oo and A. In 
other words, the pointed curve (P|(-, /3~^({(X), A})) has good reduction. 

Proof. The desired smooth model is obtained from C T>' by blowing down the 
irreducible components C and D. □ 

6.3 Corollary. With the above assumptions, suppose that the branch locus B = 
{oo, Ai, . . . , Af_i} of the cover P has good reduction and that r > 3. Then, the 
minimal stable model X ^ y separating the ramified fibers has the following de- 
scription: 

(1) Xk (resp. yk) is the union of r projective lines C,Ci, . . . ,Cr-i (resp. 

D,Di,...,Dr-l). 

(2) For any i € {1, . . . , r — 1}, the point Aj specializes in Di. 

(3) The irreducible component Ci (resp. Di) only m,eets C (resp. D). The 
corresponding singular point has thickness (n^ — 1)^"'^ (resp. p{ni — 
where Ui denotes the cardinality of the fiber above Aj . 

(4) The morphism C — > D is purely inseparable and, for any i £ {1, . . . , r — 1}, 
the cover Ci — > Di is generically etale, unramified outside two points, wildly 
ramified above one of them (the singular point) and tamely ramified above 
the other (the specialization of Xi). 





Cr-1 




00 






c 


(1^,-1)"' 





Dr-1 



X.," ^r-l" 

00 



Proof. It suffice to repeat the construction in the proof of Theorem 6.1 for all the 
elements of S. □ 

§7 Semi-stable model separating the fibers above a simple tail 

We will now study the case of simple reduction of the branch locus B — 5*1] {oo} 
of the cover /3. Let r be the cardinality of B. We can assume r > 3, since for 
r < 3 the pointed curve (P^,B) will always have good reduction. If A e 5 is an 
ordinary branch point, then the construction in the proof of theorem 1 leads to a 
stable model which separates the fiber above A. Suppose that X,X'gS belong to 
a simple tail of the minimal stable model B of B. In other words, viewing 5 as a 
subset oiR^ Ca{R), we have v{X - A') > and v{X - A") v{X' - A") for any 
X" £ S — {A, A'}. The positive rational number e = v{X — A') is the thickness of the 
singular point connecting the simple tail with the rest of Bk- Since the reduction of 
the model C — > P is purely inseparable, all the elements of /3~^({A, A'}) will have 
the same specialization. 

a) The first separating blow-up. We will start the construction of the stable 
model separating the fibers above A and A' by considering the minimal model C 
dominating C such that all the elements of /3~^({A, A'}) specialize in the (smooth 
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locus of the) same irreducible component and at least two of them have distinct 
specializations. In order to obtain an more explicit description, we can first of all 
reduce to the case A' = and /3(0) = 0. Consider the rational number v defined by 

V ^Min{v{x ^y) \ x e /^"^({O, A})} 

We have v > 0, since A = and (i(X) = X^. Moreover, v{X) > pv. The curve 
C is obtained from C after a blow-up at the origin, of thickness v. Let tt be 

an element of p such that ?;(7r) = z/. The relation (*) at the end of §4 becomes 
P{7tX) = nPPoiXhoiX), with 70 (AT) = 1 and 

/3o(X) = 7r-f/3(7rX) = [| (X - 7r-^a;)^» = tt'^'A + [| {X-n-^xy- 

a;e/3-i(0) £ce/3-i(A) 

We then get a model C — > V for /3, where V is the curve obtained from V after 
a blow-up at the origin, of thickness pi/ (see the following picture). 



c 







D' 


00 






00 




V 


D 





The derivative of (io{X) can be expressed as 
/3^(X) =^>7rf+^-"°-"^ H {X -Tr-^xy--^ JJ {wX - xy--^ 

x£/3-i({0,A}) xe/3-i(S-{0,A}) 

where, for any X G S, nx is the cardinality of the fiber /3~^(A). In particular, since 
(3'q{X) e R[X] and Tr~^x G R for any x S /3~^({0, A}), we obtain the relation 



(**) 



no + n\ - p - 1 

b) First case: "far" points. Let's start by supposing that this last inequality 
is strict. This directly implies that Po{X) = X^. Now, by construction, the 
polynomial h{X) = (3o{X){(3o{X) — 77"^ A) has at least two roots having distinct 
specializations, so that we obtain 

w(A) = pv 

Indeed, the relation v{X) > pv would give h{X) = X'^p, which has only one root. 
In particular, this frist blow-up separates the branch points and A but does not 
separate the corresponding fibers. 



c 








p" 


'(0) 




' r 




00 








V 



D' 









X 




00 






pv 
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The above inequality now reads as 

P 



v{\)< 



riQ+nx-p-l 



In order to obtain a model separating the fiber above 0, let vq be the positive integer 
defined by 

I/O = Min{z;(a;) | x e 

We clearly have u + vi^ = Min{u(a;) | x e /?~^(0)}. Consider the curve C" ob- 
tained from C after a blow-up at the origin of the irreducible component C , of 
thickness vq. If C" denotes the new irreducible component of C^', then we have 
d{C",C) = u + i/Q. Let TTo G p such that v{no) ~ and set tti = ttttq (as 
in the previous paragraph, tt has valuation v). We then obtain the expression 
/3(7riX) = 7rf/3o(7roX) = 7rf/3i(X)7i(X), with 71 (X) = 1 and 

/3i(X) = V/3(7riX) = 7r-f/3o(7roX) = 

By construction, at least two roots of (}i{X) have distinct specializations. If V" is 
the curve obtained from V after a blow-up at the origin of D', of thickness pvQ, we 
then have a model C" ^ T>" of the cover /?. Setting u = no + n\—p—l,UQ = no — l 
and 5 = 1 — uz/ — uoi/o, we have the expression 

xe/3-i(o) xe/3-i(A) 

xe/3-i(S-{0,A}) 

which implies that 5 = (otherwise, we would obtain (i^ {X) = and all the roots 
of Pi{X) would have the same specialization). Since v{X) = pu, we obtain 

p - {no + nx ~ p - l)v{X) 1 

^0 — 7 TT < 



p{no - 1) no - 1 

Proceeding exactly as in the end of the proof of theorem 1 , we finally check that this 
model separates the fiber above 0, i.e. that any two distinct roots of Pi{X) have 
distinct specializations. The same procedure leads to a stable model separating the 
fiber above A. Summarizing, we have just proved the following result: 

7.1 Theorem. Suppose that the branch locus B = S U {00} of the polynomial 
cover j3 has bad reduction and that D' is a simple tail of the special fiber of the 
stable model B associated to the pointed curve (P^,B). Denote by \\,\2 € S the 
two branch points specializing in D' and let e = v{Xi — A2) be the thickness of the 
corresponding singular point of Bk- For any A G 5, denote by n\ the cardinality of 
the fiber (3~^ {X) . If the inequality 
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holds, then, the minimal semi-stable model X y of (3 dominating C —> D and 
separating the fibers above Ai and A2 has the following description: 

(1) The curve Xk (resp. yk) is the union of four projective lines C,C",Ci and 
C2 (resp. D,D',Di and D2). 

(2) The specializations of the points 00, Ai and A2 belong respectively to D, Di 
and D2 ■ 

(3) The irreducible component C (resp. D) only meets C (resp. D'), at a 

singular point of thickness - (resp. of thickness e). 

(4) For any i G {1,2}, the irreducible component Ci (resp. Di) only meets C 
(resp. D'), at a singular point of thickness Vi = ^ ^^'^ (resp. of 
thickness pv, = p-("ai+»a. -p-D^ )_ 

(5) The morphisms C ^ D and C — »■ D' are purely inseparable, while the 

covers Ci — > Di and C2 — > D2 are generically etale, unramified outside 
two points, wildly ramified above one of them and tamely ramified above the 
other. 



V2 

E 
P 



c 



PV2 



7.2 Corollary. The notation and hypothesis being as above, if e < „^ -p-i 
then, for any i S {1,2}, the pointed curve (P^, /J~^({oo, Aj})) has good reduction. 

Proof. It suffices to take the smooth i?-curve obtained from X by blowing down 
the irreducible components C, C and €2-1 of Cfc. □ 

c) Second case: the critical distance. Keeping the above notation and hypothesis, 
suppose now that the inequality (**) at the end of §7a is in fact an equality, i.e. 
that u = , so that Po{X) ^ 0. In particular, the morphism C — > D' 

is generically etale. We already know that v{X) > pv. In this paragraph, we will 
assume that this last inequality is an equality. As before, the cover C V will 
separate the branch points and A. Moreover, proceeding as at the end of the 
proof of Theorem 6.1, wc can easily show that this model also separates the fibers 
above these two points. In particular, wc have the following result: 

7.3 Theorem. The notation and hypothesis being as in Theorem 7.1, suppose that 

P 

e = 

^Ai + riAa - P - 1 

Then, the minimal semi-stable model X ^ y of P dominating C — > and separat- 
ing the fibers above Ai and A2 has the following description: 

(1) The curve X/. (resp. yk) is the union of two projective lines C and C (resp. 
D and D' ) meeting at a singular point of thickness | (resp. of thickness e). 



14 



LEONARDO ZAPPONI 



(2) The specializations of the points Ai and A2 belong D' and 00 specializes in 
D. 

(3) The morphism C ^ D is purely inseparable while the cover C D' is 
generically etale, unramified outside three points, wildly ramified above one 
of them and tamely ramified above the others. 



X2 



7.4 Corollary. The notation and hypothesis being as above, if e = „^ -p-i 
then the pointed curve (P^, /3~^({oo, Ai, A2})) has good reduction. 

Proof. It suffices to take the smooth i?-curve obtained from. X by blowing down 
the irreducible component C of its special fiber. □ 

d) Third case: "near" points. We now have to study the most critical case, that 
is, when v = no+nl-p-i ^^'^ '^('^) P'^' '^^^^ situation occurs if and only if the 
model C — > T>' introduced at the beginning of this section docs not separate the 
elements and A of the branch locus B of the cover. As in the previous paragraph, 
the derivative of fio{X) will not identically vanish, so that the cover C — > D' , 
which is (isomorphic to the one) induced by the polynomial (3q{X) G k[X], is 
generically etale, unramified outside two points, wildly ramified above one of them 
(the intersection with D) and tamely ramified above the other . There exist at least 
two roots of l3()(X) having distinct specializations. Indeed, the contrary would give 
PoiX) = XP, so that the cover C D' would be purely inseparable, which is 
a contraddiction. The points and A are the only elements of B specializing in 
C" and their fibers with respect to /? can be assimilated to the fibers /3o'^(0) and 
/3o ^(Ao), where Aq = tt'^A e p. Set 

MX) = i{{x - wif' 

with s > 1, di + ■ ■ ■ + ds = p and Wi ^ Wj for any i ^ j. We then obtain two 
partitions /3^^(0) = Si^ U • • • U Sgfi and /3^^(Ao) = <S'i,Ao U • • • U Sg^x^, where we 
have set, for a fixed t G p, 

Si,t = {x e Po^it) I X = Wi} 
For any i G {1, . . . , s} we then have the identity 



di — ^ ^ Cx 

xeSi,t 
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where Cx is the multiphcity of the root x of the polynomial fio{X) — t. Since the 
cover C" D' is generically etale and unramified outside the set {0, oo}, we have 

p'oiX)=cf[iX-w,r'-' 

with c G k*. On the other hand, the expression of the derivative of f3o{X) given 
previously leads to 

s 
i=l 

where rij^o (resp. rii^x) denotes the cardinality of Si^ (resp. of 5'i, Ao)- Combining 
these two expressions we finally obtain the identity 

«j,0 + J^J.A = di + l 

which holds for any is{l,...,s}. In order to completely separate the ramified 
fibers, we need to blow-up some projective lines at the points wi, . . . , w., belonging 
to the irreducible component C" of C . In other words, we have to separate the 
elements of Sifi USi^\g, for any i € {1, . . . , s}. Let's start with i = 1: since e 5 is 
a branch point and /3o(0) = /3(0) = 0, we can assume, without any loss of generality, 
wi = 0. Set 

ui = Min {v{x -y) \ x,y G Sifi U ^i^Ao , x ^ y} > 

and consider the i?-curve C", obtained from C by blowing-up a projective line Ci 
at wi, of thickness ui. Let 7r2 € p such that v{'jt2) = and set tts = 7r7r2. We then 
have the identity 

/3(7r3X) = 7rf/3o(7r2X) = Trf /3i(X)7i(X) 

where 
and 

7i(X)= H {-K^X-xf- 

xe/3„-i(0)-S'i,o 

Since we are assuming wi = 0, an element x G /3(7^(0) belongs to Si^ if and only if 
v{x) > 0. In particular, Ji{X) = c & k*. We then obtain a i?-morphism C" V" 
(which is not finite), where V" is the i?-curve obtained from V by blowing-up a 
projective line D\ at the origin of D' , of thickness ei = pvi. For any x £ ^i^Ao: 
we have v{x) > vi, from which we easily deduce the inequahty v{Xq) > €i, i.e. 
v{X) > Co + ei) with eo = pv- The specialized morphism Ci — > Di has degree 
di and is (isomorphic to the cover P^) induced by the polynomial ^^{X). 

The integer di being strictly less than p, the derivative Pi{X) does not identically 
vanish. More explicitely, using once again the expression of the derivative of (3o{X), 
we obtain 
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with u Cz k* . The strict incquahty v{X) > eg + ei would imply that the cover 
— * induced by Pi{X) is tame, of degree di and unramified outside and oo, 
and thus f3i{X) = uX''-^. In particular, all the elements of 5i,o and Si^\g, would 
specialize to the same element of Ci. This is impossible, since C" is the minimal 
model dominating C and separating at least two elements of ^i^o U iSi^Aq- We then 
have the identity 

P 

v{X) = eo + ei = ; + diPi 

no + n\ - p - 1 

which implies that the model P" separates the branch points and A. Then, using 
the above expression for the derivative of Pi{X) and the same arguments at the 
end of the proof of Theorem 6.1, one easily shows that C" separates the whole 
S'i.qUS'i^Aq- Iterating this construction for all the roots of (3q{X), we obtain a semi- 
stable model X y (this time the morphism is finite) which dominates C V 
and separates the fiber above and A. Summarizing, we have proved the following 
result: 

7.5 Theorem. The notation and hypothesis being as in theorem 2, suppose that 

£ > 7 

?^Al + nx^-p-l 

Then, the special fiber of the minimal stable model X of the cover f3 dominating 
C — > P and separating the fibers above Ai and A2 has the following description: 

(1) The curve yk is the union of three projective lines D, D' and Di. 

(2) The curve D (resp. Di) meets D' at a singular point of thickness eo = 
— T (resp. of thickness e\ = v{\) ^-^ j). 

(3) The specializations of the points Ai and A2 belong Di and 00 specializes in 
D. 

(4) The curve Xj. has s + 2 > 4 irreducible components C,C' ,C\, . . . ,Cs- 

(5) The curve C meets C at a singular point of thickness y . 

(6) There exist two partitions 

/3-i(Ai) = S'iaU---US',,i and /^-^(Aa) = 51,2 U • • • U ^..a 
satisfying the identities 

ex = ^ ea:=di and nj,i + 72^,2 = di + l 



.2 



where Cx denotes the ramification index of (3 at a point x € P^(K)and, for 
any i G {1, . . . ,s} and any j e {1, 2}, Uij is the cardnality of the set Sij. 

(7) For any i G {1, . . . , .s}, the curve Ci meets C at a unique singular point, 
of thickness ^ and the elements of Si^i U <S'i,2 specialize to pairwise distinct 
points of d. 

(8) The m,orphism, C — > D is purely inseparable and the cover C" — > D' is 
generically etale, unramified outside two points, wildly ramified above one 
of them (the intersection with D) and tamely ramified above the other (the 
intersection with Di). For any i G {1, . . . , s}, the cover Ci — > Di is gener- 
ically etale, of degree d^, unramified outside three points (the specializations 
of Ai and A2 and the intersection with C) over which the ramification is 
tame. 
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The theorems 6.1,7.1,7.3 and 7.5 allow us to completely classify the reduction 
type of the minimal semi-stable model X ^ y (separating the ramified fibers) for 
a polynomial cover (3 over K of degree p, under the assumption of simple reduction 
of its branch locus B. More precisely, the above results show that the behaviour 
of this model essentially depends only on the ramification data of the cover and on 
the thicknesses of the singular points of the special fiber of the stable (separating) 
model B associated to the pointed curve {P^,B). 

§8 An example 

We will end this paper with an explicit example. Let K he a 5-adic field, i.e. 
a finite extension of the field Q5. We will describe the semi-stable model for a 
polynomial cover (3 : — > of degree 5 having the following ramification data: 

(1) The cover is unramified outside the set {00, 0, Ai, A2} with Ai, A2 G K* and 
Ai ^ A2. 

(2) There is only one point above 00. 

(3) There arc three points above 0, one of them, denoted by Pq has ramification 
index 3, while the others are unramified. 

(4) There are four points above Ai (resp. above A2), one of them, denoted by 
Pi (resp. P2) has ramification index 2 while the other three are unramified. 

Up to equivalence (cf. §2), and since the behaviour of the ramification above Ai 
and A2 is the same, we can reduce to the case Ai = 1 and A2 = A G i? — {0, 1}. The 
results of this paper allow us to describe the semi-stable model for /3 without any 
direct computation. More precisely, if the branch locus has good reduction, i.e. if 
v{X) = v{X — 1) = then we can apply Theorem 6.1, which leads to the following 
model: 





p., 


Pi 


P2- 





1 


X 




00 








00 










1/2 


1/3 


1/3 


5/2 


5/3 


5/3 



The branch locus of the cover /3 has bad reduction if either v{X) > or i>(A — 1) > 
0. In the first case, there are three possibilities, leading to four diff'erent semi-stable 
models: if e = v{X) < 5, we can apply Theorem 7.1 and obtain the following model: 
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(5-e)/10 


Po 




(5-e)/2 









(5-e)/15 


Pi 


P2- 


P 

^ (5-e)/3 


X 


1 




00 






00 










e/5 


1/3 


e 


5/3 



As it is shown in the following picture, and applying Teorem 7.3, the simplest case 
occurs for e = 5: 
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P2- 




Pi 




00 
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1/3 
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00 
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5/3 



Finally, for e > 5 we find two possibilities, depending on the partitions of the 
ramification indices (1, 1, 3) and (1, 1, 1, 2) of the fibers above and A (cf. Theorem 
7.5). The first partition is given by So = {{1,3},{1}} and Si = {{1, 1, 2}, {!}}, 
which leads to the following semi-stable model: 



e-5 






(e-5)/4 


Po Pi 


P2 


00 








1 


1/3 



E-5 



I 



5/3 



If we consider the second partition 5o = {{3}, {1, 1}} and Si = {{1, 1, 1}, {2}}, we 
then obtain the following model: 



(e-5)/2 


Pi 




(e-5)/3 


Pq 


P2- 


00 








1 


1/3 



e-5 



x 



5/3 



In order to completely classify the possible semi-stable models for /3, we have to 
study the last case; of bad reduction of the branch locus, i.e. when e = ?,'(A — 1) > 0. 
As before, there will be three different cases, depending on e, leading to four different 
situations. First of all, for e < | we obtain the following semi-stable model (cf. 
Theorem 7.1): 
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(5-2e)/15 
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The next picture describes the case e = | (cf. Theorem 7.3): 
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For e > |, according to Theorem 7.5, there are two possible partitions of the 

ramification indices above 1 and A. The first is given by Si = S\ = {{1, 2}, {1}, {1}} 
and leads to the following semi-stable model: 



(2e-5)/2 






(2e-5)/2 




Po- 


(2e-5)/6 


Pi P2 




00 








1/2 


l/2 
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1 X 
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Finally, the next picture describes the semi-stable model associated to the second 
partition Si = Sx = {{2}, {1, 1}, {!}}: 



(2e-5)/2 
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Pi 
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